Qr˝ w= —@=UL ‘@=D

—mvQwB =[QOtLt

xO˝mJ -x@U=Lt —=Q@ —rwtQi TBU ’OQm s˝y=wN C@=F =Q Qr˝w= -x˝[k ’Qr˝w= —@=UL ‘@=D h˝ QaD R= TB ’—i˝YwD -xr=kt u˝= QO ”CN=OQB s˝y=wN ‘@=D u˝= R= syt —D˝Y=N QmP x@ R˝v u=˝=B QO w OW Oy=wN x˝=Q= ‘@=D u˝= Q=Okt

xtOkt

h˝ QaD —[=˝ Q_-xrHt s=v CLD —WN@ QO Qr˝w= —@=UL ‘@=D ’—[=˝ Q swra -xDWQ —y=oWv=OV˝B -xQwO -xDUUo C=˝[=˝ Q ?=Dm 6 pYi QO -x@U=Lt —=Q@ —rwtQi pwtW sOa w pwtW pY= ltm x@ sy ?=Dm u˝= 7 pYi QO —=x˝[k QO ”CU=xOW u=˝@ Qr˝w= -x˝[k TBU w xOW C=@F= x@ ’Qr˝w= —@=UL ‘@=D h˝ QaD R= TB xm CU= u; hOy ’—i˝YwD -xr=kt u˝= QO ”CU=xOW x˝=Q= X=N —Dr=L QO ‘@=D u˝= Q=Okt QO ”s˝vm C@=F =Q ‘@=D u˝= syt C˝Y=N l˝ w s˝vm p˝O@D —rm pmW x@ =Q q=@ QO xOW QmP X=N pwtQi TBU w s˝ R=OQB@ Qr˝w= -x˝[k ”s˝vm—t KQ]t pL CyH =Q EL@t u˝= x@ “w@ Qt -xr-=Ut OvJ R˝v u=˝=B

=yxOv=t hiNt x=oDUO w Qr˝ w= —@=UL ‘@=D

”OwW—t xO=iDU= u; R= ‘˝Uw Qw]x@ C=˝[=˝ Q QO w CU= Qr˝w= x@ ?wUvt xm s˝vm—t —iQat =Q —O=tv ’Q˝ R QO

”Ovrw= n x@ C@Uv xm n =@ —w=Ut =˝ R= QDlJwm —a˝@] O=Oa= O=OaD =@ CU= Q@=Q@ ϕ(n) ’n —a˝@] OOa Qy —=Q@ ” 1 h˝ QaD

”Ovt=v—t ıQr˝ w=^*—i ‘@=D =˝ȷQr˝ w= —@=UL ‘@=D =Q u; xm Ovm—t h˝ QaD —a˝@] O=Oa= —wQ —a@=D ’x]@=[ u˝= xm s˝vm—t xHwD

”Ovrw= 6 x@ C@Uv xm OvDUy ’5 w 1 ’OOa wO “ki 6 w 5 ’4 ’3 ’2 ’1 O=Oa= u˝@ =Q˝ R &ϕ(6) = 2 ” 1 p=Ft

’^1(n, n) = n > 1 xmu˝= x@ xHwD =@ ’n > 1 Qy —=Q@ u˝vJty $CU= pw= 1 x@ C@Uv 1 =Q˝ R &ϕ(1) = 1 xm s˝vm—t xHwD ”QmPD ”Ovrw= n x@ C@Uv xm n R= QDlJwm —a˝@] O=Oa= O=OaD =@ CU= Q@=Q@ ϕ(n)

”Ovrw= p x@ C@Uv p R= QDlJwm —a˝@] OOa p − 1 s=tD =Q˝ R &ϕ(p) = p − 1 x=ov; OW=@ pw= —OOa p Qo = ” 2 p=Ft

”OvQ=O Qr˝w= —@=UL ‘@=D swyit =@ l˝ORv —]=@DQ= xm s˝vm—t —iQat =Q K˝LY O=Oa= R= —˝=yxawtHtQ˝ R uwvm =

x=oQy s˝t=v—t n -xv=t˝B x@ =yxOv=t hiNt x=oDUO l˝ =Q K˝LY O=Oa= R= R -xawtHtQ˝ R ”OW=@ —a˝@] —OOa n s˝vmZQi ” 2 h˝ QaD ”OW=@ CWyvty n -xv=t˝B x@ R —=[a= R= —m˝ =@ ,=k˝kO CU= pw= n x@ C@Uv xm K˝LY OOa Qy w OW=@ pw= n x@ C@Uv R w[a Qy

”s˝ Q˝o—t Q˙vQO b w a lQDWt x˝raswUkt u˝ QDnQR@ =Q (a, b) ’CU= QiY Q˝e =yv; R= —m˝ pk=OL xm b w a K˝LY OOa wO —=Q@ ı1

1 -xQ=tW 19ˇˇ24 XY ı1379 CWy@—OQ=ȷ

p=L ”CU= pw= 6 x@ C@Uv R w[a Qy ”s˝ Q˝o—t Q˙v QO =Q K˝LY O=Oa= R= R = {1, 5} -xawtHtQ˝ R ’n = 6 —=Q@ ” 3 p=Ft CWyvty 6 w 5 ’4 ’3 ’2 ’1 O=Oa= R= —m˝ =@ ,=k˝kO 6 -xv=t˝B x@ x ”CU= pw= 6 x@ C@Uv xm OW=@ K˝LY —OOa x s˝vm—t ZQi hiNt x=oDUO l˝ R =Pr w OW=@ CWyvty Ov=wD—t 6 -xv=t˝B x@ 5 w 1 O=Oa= R= —m˝ =@ CUQO x ,=twRr TB (x, 6) = 1 uwJ =t= &CU= 1”CU= 6 -xv=t˝B x@ =yxOv=t

w[a Qy &s˝ Q˝o—t Q˙v QO =Q K˝LY O=Oa= R= R = {1, 2, . . . , p − 1} -xawtHtQ˝ R ’CU= pw= —OOa p xm n = p —=Q@ ” 4 p=Ft O=Oa= R= —m˝ =@ ,=k˝kO p -xv=t˝B x@ x ”CU= pw= p x@ C@Uv xm OW=@ K˝LY —OOa x s˝vm—t ZQi p=L ”CU= pw= p x@ C@Uv R OW=@ CWyvty Ov=wD—t p -xv=t˝B x@ p − 1’. . . ’1 O=Oa= R= —m˝ =@ CUQO x ,=twRr TB (x, p) = 1 uwJ =t= &CU= CWyvty p’. . . ’1 ”CU= p -xv=t˝B x@ =yxOv=t hiNt x=oDUO l˝ R =Pr w

O=OaD xm s˝O˝O sy 4 w 3 —=yp=Ft QO ”CU= pw= —OOa p u; QO xm ϕ(p) = p − 1 w ϕ(6) = 2 xm s˝O˝O 2 w 1 —=yp=Ft QO —iO=YD Qt= u˝= ”p − 1 w 2 =@ CU=Q@=Q@ ?˝DQDx@ p -xv=t˝B x@ =yxOv=t hiNt x=oDUO w 6 -xv=t˝B x@ =yxOv=t hiNt x=oDUO —=[a= ”ϕ(n) =@ CU= Q@=Q@ n -xv=t˝B x@ =yxOv=t hiNt x=oDUO Qy —=[a= O=OaD xm s˝vm—t C@=F 1 sr QO w CU˝v Ovrw= n x@ C@Uv xm —˝=yv; O=Oa= CUQyi u˝= u˝@ R= w s˝ Q˝o—t Q˙v QO =Q n ’. . . ’2 ’1 O=Oa= ”OW=@ —a˝@] —OOa n s˝vmZQi s˝vm—t =aO= ”ıCU= K[=w 1 h˝ QaD Q@ =v@ ’CU= ϕ(n) Q@=Q@ O=Oa= u˝= O=OaD xmu˝=ȷs˝t=v—t i_{ϕ(n)}’. . . ’i_2’i_1 =Q =yv; w s˝vm—t =OH =Q ”CU= pw= n x@ C@Uv R_n w[a Qy xm s˝vm—t xHwD =OD@= %CU= n -xv=t˝B x@ =yxOv=t hiNt x=oDUO l˝ R_n = {i_1, i_2, . . . , i_{ϕ(n)}} n’. . . ’2’1 O=Oa= R= —m˝ =@ ,=k˝kO n -xv=t˝B x@ x xm CU= K[=w ”CU= pw= n x@ C@Uv xm OW=@ K˝LY —OOa x s˝vm—t ZQi p=L =Pr w OW=@ CWyvty Ov=wD—t n -xv=t˝B x@ i_{ϕ(n)}’. . . ’i_2’i_1 O=Oa= R= —m˝ =@ CUQO x ,=twRr TB (x, n) = 1 uwJ =t= &CU= CWyvty ”CU= n -xv=t˝B x@ =yxOv=t hiNt x=oDUO l˝ R_n x@ =yxOv=t hiNt OQ=Ov=DU= x=oDUO =Q OW—iQat q=@ QO xm K˝LY O=Oa= R= R_{n -}xawtHtQ˝ R ’n_-xOWxO=O —a˝@] OOa —=Q@ ” 3 h˝ QaD

”s˝t=v—t n -xv=t˝B

”CU= ϕ(n) Q@=Q@ n -xv=t˝B x@ =yxOv=t hiNt x=oDUO Qy QO K˝LY O=Oa= O=OaD x=ov; OW=@ —a˝@] —OOa n Qo = ” 1 sr

C@Uv R w[a Qy ”OvW=@ n -xv=t˝B x@ =yxOv=t hiNt x=oDUO wO Qy S = {s_1, . . . , s_l} w R = {r_1, . . . , r_k} s˝vmZQi ”u=yQ@ CWyvty n -xv=t˝B x@ S w[a l˝ =@ ,=k˝kO R w[a Qy ’OvDUy n -xv=t˝B x@ =yxOv=t hiNt x=oDUO wO Qy R w S uwJ w CU= pw= n x@ S w R w CU= pw= n x@ C@Uv S w[a Qy uwJ ’TmaQ@ w OvDU˝v CWyvty n -xv=t˝B x@ S w[a l˝ =@ R R= —w[a wO I˝y w CU= S R= —w[a wO I˝y w CU= CWyvty n -xv=t˝B x@ R w[a l˝ =@ ,=k˝kO S w[a Qy ’OvDUy n -xv=t˝B x@ =yxOv=t hiNt x=oDUO wO Qy ”CU= Q@=Q@ n -xv=t˝B x@ =yxOv=t hiNt x=oDUO wO Qy —=[a= O=OaD =Pr w k = l u˝=Q@=v@ &OvDU˝v CWyvty n -xv=t˝B x@ R w[a l˝ =@ x@ =yxOv=t hiNt —=yx=oDUO s=tD —=[a= O=OaD TB ’OQ=O w[a ϕ(n) ’n -xv=t˝B x@ =yxOv=t hiNt OQ=Ov=DU= x=oDUO ’R_n uwJ p=L ”CU= ϕ(n) Q@=Q@ n -xv=t˝B x@ =yxOv=t hiNt x=oDUO wO Qy S = {s_1, . . . , s_{ϕ(n)}} w R = {r_1, . . . , r_{ϕ(n)}} w OW=@ —a˝@] —OOa n s˝vmZQi ” 1 xH˝Dv .r_1 · · · r_{ϕ(n)} ≡ s_1 · · · s_{ϕ(n)} ın -xv=t˝Bȷ ’CQwY u˝= QO &n -xv=t˝B u; QO xm r_{ϕ(n)} ≡ s_{jϕ(n)} ın -xv=t˝Bȷ ’. . . ’r_2 ≡ s_{j2} ın -xv=t˝Bȷ ’r_1 ≡ s_{j1} ın -xv=t˝Bȷ xm OwW—t xH˝Dv 1 sr u=yQ@ R= ”u=yQ@ s˝ Qw;—t CUOx@ =Pr w ıQo˝O —@˝DQD =@ ,q=tDL=ȷOvDUy ϕ(n)’. . . ’1 O=Oa= u=ty j_{ϕ(n)}’. . . ’j_1 r_1 · · · r_{ϕ(n)} ≡ s_{j1} · · · s_{jϕ(n)} ≡ s_1 · · ·s_{ϕ(n)} (n -xv=t˝Bȷ”

”CU= 6 -xv=t˝B x@ =yxOv=t hiNt x=oDUO l˝ R˝v . . . w {5, 25} w {−5, −1} w {7, 11} R= l˝ Qy xm s˝vm—t xHwD ı1

(a, n) = 1 xm OW=@ K˝LY —OOa a Qo = ”n -xv=t˝B x@ =yxOv=t hiNt x=oDUO l˝ R w OW=@ —a˝@] —OOa n s˝vmZQi ” 2 sr ”Ow@ Oy=wN n -xv=t˝B x@ =yxOv=t hiNt x=oDUO l˝ R˝v aR = {ar | r ∈ R} x=ov;

&(ar, n) = 1 TB (a, n) = 1 uwJ w (r, n) = 1 ’r ∈ R Qy —=Q@ ’CU= n -xv=t˝B x@ =yxOv=t hiNt x=oDUO R uwJ ”u=yQ@ ”(x, n) = 1 —va˝ &CU= pw= n x@ C@Uv xm OW=@ K˝LY —OOa x s˝vm ZQi p=L ”CU= pw= n x@ C@Uv aR w[a Qy —va˝ OyO—t xH˝Dv (x, n) = 1 TB &(t, n) = 1 xm s˝vm—t xHwD ”1 = ta + t^′n xm OvOwHwt t^′ w t K˝LY O=Oa= ’(a, n) = 1 uwJ w tx ≡ r ın -xv=t˝Bȷ xm CU= OwHwt r ∈ R xm OwW—t xH˝Dv CU= n -xv=t˝B x@ =yxOv=t hiNt x=oDUO R xm u˝= R= ”(tx, n) = 1 =Pr w x = tax + t^′nx xm OyO—t xH˝Dv 1 = ta + t^′n uwvm = ”tx = r + nl ’l pFt K˝LY —OOa —=Q@ xH˝Dv QO x = (r + nl)a + t^′nx = ar + nla + t^′nx ≡ ar (n -xv=t˝Bȷ ; n -xv=t˝B x@ —Qo˝O w[a =@ Ov=wD—tv x xm s˝yO—t u=Wv p=L ”CU= CWyvty n -xv=t˝B x@ aR —=[a= R= —m˝ =@ x xm s˝OQm C@=F TB R uwJ w r ≡ r^′ ın -xv=t˝Bȷ xm OyO—t xH˝Dv (a, n) = 1 w ar ≡ ar^′ ın -xv=t˝Bȷ x=ov; x ≡ ar^′ ın -xv=t˝Bȷ Qo = %OW=@ CWyvty —=[a= R= —m˝ =@ CU= pw= n x@ C@Uv xm K˝LY OOa Qy xm s˝=xOQm C@=F —va˝ &r = r^′ TB CU= n -xv=t˝B x@ =yxOv=t hiNt x=oDUO ”Ow@Oy=wN n -xv=t˝B x@ =yxOv=t hiNt x=oDUO aR ’2 h˝ QaD Q@ =v@ xH˝DvQO w CU= CWyvty n -xv=t˝B x@ —m˝ =@ “ki w aR ”a^{ϕ(n)} ≡ 1 ın -xv=t˝Bȷ x=ov; (a, n) = 1 xm K˝LY —OOa a w OW=@ —a˝@] —OOa n Qo = ıQr˝ w= -x˝[kȷ ” 1 x˝[k xH˝Dv 2 sr ’(a, n) = 1 uwJ ”OW=@ n -xv=t˝B x@ =yxOv=t hiNt OQ=Ov=DU= x=oDUO R_n = {i_1, . . . , i_{ϕ(n)}} s˝vmZQi ”u=yQ@ -xv=t˝Bȷ s˝ Qw;—t CUOx@ 1 -xH˝Dv R= TB &CU= n -xv=t˝B x@ =yxOv=t hiNt x=oDUO l˝ sy aRn = {ai1, . . . , aiϕ(n)} xm OyO—t ’Ovrw= n x@ C@Uv i_{ϕ(n)}’. . . ’i_1 uwJ ”a^{ϕ(n)}i_1 · · · i_{ϕ(n)} ≡ i_1 · · ·i_{ϕ(n)} ın -xv=t˝Bȷ =˝ (ai_1) · · · (ai_{ϕ(n)}) ≡ i_1 · · · i_{ϕ(n)} ın ”a^{ϕ(n)} ≡ 1 ın -xv=t˝Bȷ ’xH˝Dv QO w CU= pw= n x@ C@Uv sy i_1 · · ·i_{ϕ(n)} ”a^{p−1} ≡ 1 ıp -xv=t˝Bȷ x=ov; (a, p) = 1 xm K˝LY —OOa a w OW=@ pw= —OOa p Qo = ı=tQi lJwm -x˝[kȷ ” 2 xH˝Dv ”O˝;—t CUOx@ Qr˝w= -x˝[k R= smL w ϕ(p) = p − 1 ’2 p=Ft x@ xHwD =@ ”u=yQ@ ”a^p ≡ a ıp -xv=t˝Bȷ x=ov; K˝LY —OOa a w OW=@ pw= —OOa p Qo = ” 3 xH˝Dv w a^{p−1} ≡ 1 ıp -xv=t˝Bȷ =tQi lJwm -x˝[k Q@ =v@ ’(a, p) = 1 Qo = ”(a, p) ≠ 1 =˝ w (a, p) = 1 =˝ %OQ=O OwHw Cr=L wO ”u=yQ@ a^p ≡ 0 ıp -xv=t˝Bȷ w a ≡ 0 ıp -xv=t˝Bȷ TB &Ow@ Oy=wN p ?Q[t a =Pr w (a, p) = p x=ov; (a, p) ≠ 1 Qo = ”a^p ≡ a ıp -xv=t˝Bȷ =Pr ”a^p ≡ a ıp -xv=t˝Bȷ =Pr w

Qr˝ w= —@=UL ‘@=D Q=Okt -x@U=Lt pwtQi

-x@U=Lt pwtQi ’C˝Y=N u˝= ”OQm s˝y=wN C@=F CU= hwQat —@ Q[ C˝Y=N x@ xm =Q Qr˝w= —@=UL ‘@=D R= —tyt C˝Y=N VN@ u˝= QO ”OyO—t CUOx@ =Q Qr˝w= —@=UL ‘@=D

x=ov; ’(m, n) = 1 Qo = ”m w n -xv=t˝B x@ =yxOv=t hiNt x=oDUO ?˝DQDx@ S w R w OvW=@ —a˝@] OOa wO n w m s˝vmZQi ” 3 sr ”CU= mn -xv=t˝B x@ =yxOv=t hiNt x=oDUO l˝ A = {mr + ns | r ∈ R, s ∈ S}

&(s, m) = 1 w (r, n) = 1 ’s ∈ S Qy w r ∈ R Qy —=Q@ ’OvDUy m w n -xv=t˝B x@ =yxOv=t hiNt x=oDUO ?˝DQDx@ S w R uwJ ”u=yQ@ ’xH˝Dv QO w (mr + ns, m) = 1 w (mr + ns, n) = 1 TB (ns, m) = 1 w (mr, n) = 1 xm OyO—t xH˝Dv (m, n) = 1 =Pr pw= mn x@ C@Uv xm OW=@ K˝LY —OOa x s˝vm ZQi p=L ”CU= pw= mn x@ C@Uv A w[a Qy —va˝ &(mr + ns, mn) = 1 m w n -xv=t˝B x@ =yxOv=t hiNt x=oDUO ?˝DQDx@ nS w mR —=yxawtHt 2 sr Q@ =v@ ’(m, n) = 1 uwJ ”(x, mn) = 1 —va˝ &CU= w x ≡ ns ım -xv=t˝Bȷ xm OvDUy s ∈ S w r ∈ R ’(x, m) = 1 w (x, n) = 1 xm u˝= x@ xHwD =@ w 2 h˝ QaD Q@ =v@ ’xH˝Dv QO &OvDUy s˝ Qw;—t CUOx@ (m, n) = 1 R= uwvm = ”x ≡ mr + ns ın -xv=t˝Bȷ w x ≡ mr + ns ım -xv=t˝Bȷ ’xH˝Dv QO w x ≡ mr ın -xv=t˝Bȷ x xm s˝yO—t u=Wv p=L ”CU= CWyvty mn -xv=t˝B x@ A —=[a= R= —m˝ =@ x xm s˝OQm C@=F TB &x ≡ mr + ns ımn -xv=t˝Bȷ w mr + ns ≡ mr^′ + ns^′ ımn -xv=t˝Bȷ x=ov; x ≡ mr^′ + ns^′ ımn -xv=t˝Bȷ Qo = %OW=@ CWyvty A R= —Qo˝O w[a =@ Ov=wD—tv w ns ≡ ns^′ ım -xv=t˝Bȷ s˝ Q=O TB &mr + ns ≡ mr^′ + ns^′ ın -xv=t˝Bȷ w mr + ns ≡ mr^′ + ns^′ ım -xv=t˝Bȷ xH˝Dv QO x=oDUO ?˝DQDx@ S w R uwJ w r ≡ r^′ ın -xv=t˝Bȷ w s ≡ s^′ ım -xv=t˝Bȷ xm OyO—t xH˝Dv (m, n) = 1 ”mr ≡ mr^′ ın -xv=t˝Bȷ OOa Qy xm s˝=xOQm C@=F ’xH˝Dv QO w mr + ns = mr^′ + ns^′ —va˝ &r = r^′ w s = s^′ ’OvDUy m w n -xv=t˝B x@ =yxOv=t hiNt hiNt x=oDUO A ’2 h˝ QaD Q@ =v@ =Pr w CU= CWyvty mn -xv=t˝B x@ A —=[a= R= —m˝ =@ ,=k˝kO ’OW=@ pw= mn x@ C@Uv xm K˝LY ”Ow@ Oy=wN mn -xv=t˝B x@ =yxOv=t

”ϕ(mn) = ϕ(m)ϕ(n) ’(m, n) = 1 xm n w m —a˝@] OOa wO Qy —=Q@ —va˝ &CU= —@ Q[ C˝Y=N —=Q=O Qr˝ w= —@=UL ‘@=D ” 4 sr

O=OaD ’1 sr Q@ =v@ TB &OW=@ m -xv=t˝B x@ =yxOv=t hiNt x=oDUO S w n -xv=t˝B x@ =yxOv=t hiNt x=oDUO R s˝vm—t ZQi ”u=yQ@ Oy=wN w[a ϕ(m)ϕ(n) —=Q=O A = {mr + ns | r ∈ R, s ∈ S} =Pr w CU= ϕ(m) Q@=Q@ S —=[a= O=OaD w ϕ(n) Q@=Q@ R —=[a= w[a ϕ(mn) —=Q=O O˝=@ 1 sr Q@ =v@ ,=OOHt TB ’CU= mn -xv=t˝B x@ =yxOv=t hiNt x=oDUO A ’3 sr Q@ =v@ w (m, n) = 1 =t= ”Ow@ ”ϕ(mn) = ϕ(m)ϕ(n) ,=twRr TB &OW=@

CQwY u˝= QO &—a˝@] O=Oa= α_k’. . . ’α1 w OvW=@ R˝=tDt pw= O=Oa= p_k’. . . ’p1 s˝vm ZQi ” 4 xH˝Dv

ϕ(p^{α1}_1 · · ·p^{αk}_k ) = ϕ(p^{α1}_1 ) · · ·ϕ(p^{αk}_k ).

”OwW—t xH˝Dv 4 sr R= =QkDU= x@ smL ’Ovrw= sy x@ C@Uv wO x@ wO p^{αk}_k ’. . . ’p^{α1}_1 uwJ ”u=yQ@ ”s˝v=O@ pw= O=Oa= —=yu=wD —=Q@ =Q ϕ Q=Okt CU—i=m ’ϕ ‘@=D Q=Okt -x@U=Lt pwtQi uOQw; CUOx@ —=Q@ ’4 -xH˝Dv Q@ =v@ xm s˝vm—t xHwD ”Ovm—t xOQw;Q@ =Q Qw˙vt u˝= Q˝ R sr

”ϕ(p^α) = p^α − p^{α−1} ’—a˝@] —OOa α w OW=@ pw= —OOa p Qo = ” 5 sr

p^α x@ C@Uv xm =Q —˝=yv; O=OaD s˝y=wN—t ’O=Oa= u˝= u˝@ R= ”s˝ Q˝o—t Q˙v QO CU= p^α u=WO=OaD xm =Q p^α’. . . ’2’1 O=Oa= ”u=yQ@ ’TmaQ@ w Ow@ Oy=wN p ?Q[t x =Pr w (x, p^α) = p^t x=ov; (x, p^α) ≠ 1 xm OW=@ CUQyi u˝= R= —OOa x Qo = ”s˝vm x@U=Lt Ovrw= OvDQ=@a xm OvDUy p ?Q=[t ,=k˝kO OvDU˝v pw= p^α x@ C@Uv xm —O=Oa= ’CUQyi u˝= QO TB &(x, p^α) ≠ 1 x=ov; OW=@ p ?Q[t x Qo = ”ϕ(p^α) = p^α − p^{α−1} TB &CU= p^{α−1} u=WO=OaD xm p^{α−1}p’. . . ’2p’p R=

x=ov; OW=@ —a˝@] —OOa n Qo = ıQr˝ w= —@=UL ‘@=D Q=Okt -x@U=Lt pwtQiȷ ” 2 x˝[k

ϕ(n) = 1 %n = 1 Qo = n ∏ pjn pw=p

(1 − 1 p ) %n > 1 Qo =

”OvDUy n -xOvQ=tW xm —rw= —=y p s=tD —=R= x@ =y (1 −^1_p ) ?Q[ pY=L —va˝ ∏ pjn pw=p

(1 − 1 p ) ’jwi -x˝[k QO ”QmPD

23 —mvQwB Qr˝ w= —@=UL ‘@=D

n = p^{α1}_1 · · ·p^{αk}_k s˝U˝wv@ s˝v=wD—t ?=UL —U=U= -x˝[k Q@ =v@ n > 1 —=Q@ ”ϕ(n) = 1 x=ov; n = 1 Qo = xm CU= K[=w ”u=yQ@ s˝U˝wv@ s˝v=wD—t 5 sr w 4 -xH˝Dv Q@ =v@ ”—a˝@] O=Oa= α_k’. . . ’α_1 w OvR˝=tDt pw= O=Oa= p_k’. . . ’p_1 u; QO xm

ϕ(n) = ϕ(p^{α1}_1 · · · p^{αk}_k )

= ϕ(p^{α1}_1 ) · · ·ϕ(p^{αk}_k )

= (p^{α1}_1 − p^{α1−1}_1 ) · · · (p^{αk}_k − p^{αk−1}_k )

= p^{α1}_1 · · ·p^{αk}_k (1 − 1 p_1 ) · · · (1 − 1 p_k ) = n(1 − 1 p_1 ) · · · (1 − 1 p_k ) = n ∏ pjn pw=p

(1 − 1 p ).

=Pr w 90 = 2 × 32 × 5 xm s˝vm—t xHwD ” 5 p=Ft

ϕ(90) = 90 ∏ pj90 pw= p

(1 − 1 p ) = 90(1 − 1 2 )(1 − 1 3 )(1 − 1 5 ) = 24.

”s˝ Q=O R=˝v Q˝ R sr x@ ’Qw˙vt u˝= —=Q@ ”s˝vm—t KQ]t =Q —@=UL ‘@=D R= Qo˝O syt C˝Y=N l˝ uwvm = n =@ u=WmQDWt x˝raswUkt u˝ QDnQR@ xm n =@ —w=Ut =˝ R= QDlJwm —a˝@] O=Oa= O=OaD x=ov; d|n w OW=@ —a˝@] —OOa n Qo = ” 6 sr ”ϕ( n d ) =@ CU—w=Ut CU= d Q@=Q@

Q˙v QO =Q B = {x ∈ N | 1 ≤ x ≤^n_d , (x,^n_d ) = 1} w A = {x ∈ N | 1 ≤ x ≤ n, (x, n) = d} —=yxawtHt ”u=yQ@ O=OaD TB ’CU= d Q@=Q@ n =@ u=WmQDWt x˝raswUkt u˝ QDnQR@ xm CU= n =@ —w=Ut =˝ R= QDlJwm —a˝@] O=Oa= -xawtHt A ”s˝ Q˝o—t OvDUy pw=^n_d x@ C@Uv xm CU=^n_d =@ —w=Ut =˝ R= QDlJwm —a˝@] O=Oa= -xawtHt sy B ”CU= smL QO ?wr]t O=OaD u=ty A —=[a= —=Q@ ”OwW—t C@=F sr ’CU= OwHwt B w A u˝@ —˝wUwO Q˙=vD l˝ s˝vm C@=F Qo = uwvm = ”CU= ϕ(^n_d ) Q@=Q@ 1 h˝ QaD Q@ =v@ u=WO=OaD w uwJ &CU= xOW h˝ QaD A QO x Qy —=R= x@ f xm s˝vm—t xHwD ”s˝ Q˝o—t Q˙v QO f (x) =^x_d =@ =Q f : A −→ B ‘@=D ’Qw˙vt u˝= ”CU= O=Q˝= R= —r=N f h˝ QaD TB &^x_d ∈ B =Pr w (^x_d ,^n_d ) = 1 w 1 ≤^x_d ≤^n_d ’(x, n) = d w 1 ≤ x ≤ n s˝ Q=O x ∈ A —Dkw &OW=@ B R= x=wNrO —w[a y ∈ B s˝ Q˝o p=L ”CU= l˝x@l˝ f OyO—t u=Wv xm x = x^′ =Pr w^x_d =^{x0}_d x=ov; f (x) = f (x^′) Qo = f ’f (x) = y uwJ w x ∈ A =Pr w (x, n) = d w 1 ≤ x ≤ n TB &x = yd s˝yO—t Q=Qk ”(y,^n_d ) = 1 w 1 ≤ y ≤^n_d TB ”OwW—t C@=F smL w CU= B w A u˝@ —˝wUwO Q˙=vD l˝ f ”CU=WwB ’n —a˝@] OOa Qy —=Q@ ” 3 x˝[k ∑ d|n ϕ(d) = n. ”OvDUy n -xOvQ=tW xm C@Ft —=y d s=tD —=R= x@ =y ϕ(d) ‘wtHt —va˝ ∑ d|n ϕ(d) ’jwi -x˝[k QO ”QmPD

Qo = Kw[w x@ w |A_d| = ϕ(^n_d ) x=ov; d|n Qo = ’6 sr Q@ =v@ ”A_d = {x ∈ N | 1 ≤ x ≤ n, (x, n) = d} s˝vm—t h˝ QaD ”u=yQ@ TB &d = d^′ =Pr w (x, n) = d^′ w (x, n) = d x=ov; x ∈ A_d ∩ A_d0 Qo = ”ıCU= A_d —=[a= O=OaD |A_d|ȷ|A_d| = 0 x=ov; d ̸| n

—va˝ &x ∈ A_d x=ov; (x, n) = d Qo = ”1 ≤ x ≤ n xm OW=@ —a˝@] —OOa x s˝ Q˝o ”OvDUy sy R= =OH =y A_d ’R˝=tDt —=y d —=Q@ xm OyO—t xH˝Dv =y A_d uOw@ sy R= =OH ” {x ∈ N | 1 ≤ x ≤ n} = n⋃ d=1 A_d

n = |{x ∈ N | 1 ≤ x ≤ n}| = | | | | | n⋃ d=1 A_d | | | | | = n∑ d=1 |A_d| = ∑ d|n |A_d| = ∑ d|n ϕ( n d ). =Pr w CU= xawtHt u˝ty Q@=Q@ R˝v {^n_{d1} , . . . ,^n_{dl} } x=ov; OW=@ n C@Ft —=yxOvQ=tW s=tD -xawtHt {d_1, . . . , d_l} Qo = xm s˝vm—t xHwD ” ∑ d|n ϕ(d) = n ’xH˝Dv QO w ∑ d|n ϕ( n d ) = ∑ d|n ϕ(d) s˝ Q=O ”s˝vm—t —UQQ@ n = 10 —=R= x@ =Q 3 -x˝[k —DUQO ” 6 p=Ft ∑ d|10 ϕ(d) = ϕ(1) + ϕ(2) + ϕ(5) + ϕ(10)

= 1 + 1 + 4 + 4 = 10.

”u˝ QtD ”CU= GwR ϕ(n) O˝vm C@=F ”OW=@ —a˝@] —OOa n > 2 O˝vm ZQi ı1 CU= Q@=Q@ Ovrw= n x@ C@Uv xm n =@ —w=Ut =˝ R= QDlJwm OOa ϕ(n) ‘wtHt O˝vm C@=F ”OW=@ —a˝@] —OOa n > 1 O˝vm ZQi ı2 ”^1_2 nϕ(n) =@ ”ϕ(n)|ϕ(m) O˝vm C@=F ”n|m xm OvW=@ —a˝@] OOa wO n w m O˝vm ZQi ı3 ”ϕ(n^2) = nϕ(n) ’n —a˝@] OOa Qy —=Q@ O˝vm C@=F ı4 O˝vm C@=F ”(m, n) = d w OvW=@ —a˝@] OOa wO n w m O˝vm ZQi ı5 ϕ(mn) = dϕ(m)ϕ(n) ϕ(d) . w 0 <^a_b ≤ 1 xm^a_b Q˝PB=v p˝wLD —=yQUm O=OaD O˝vm C@=F ”(a, b) = 1 Qo = s˝t=v—t Q˝PB=v p˝ wLD =Q^a_b ı—=˝wo OOaȷQUm ı6 ”ϕ(1) + · · · + ϕ(n) =@ CU= Q@=Q@ 1 ≤ b < n ”a^m +b^n ≡ 1ıab -xv=t˝Bȷ xm OvOwHwt n w m K˝LY O=Oa= xm O˝vm C@=F ”OvW=@ pw= sy x@ C@Uv w K˝LY O=Oa= bw a O˝vmZQi ı7 —DUQO=v =˝ w —DUQO uwvm =D ”ϕ(m) = ϕ(n) xm CUy m ≠ n —a˝@] OOa ’n —a˝@] OOa Qy —=Q@ xm CU= xOW xOR TOL ı8 QO TOL u˝= =˝; ”CU= CUQO OW=@ OQi pw= OOa l˝ n xm —Dr=L QO TOL u˝= O˝vm C@=F ”CU= xOWv C@=F TOL u˝= #CU= CUQO R˝v OW=@ —y=wNrO OQi OOa n xm —Dr=L

‘H=Qt

pw= A=J ’u=QyD ’—y=oWv=O QWv RmQt ”—v=HvQ=v OtLt xv˝O; -xtHQD ’O=Oa=_-x˝ Q˙v =@ —˝=vW; ’u˝DWOrwo p¨wH —Qr w Rt=O; ”w s=˝r˝w `1´ ”1362 ”1363 ’u=QyD ’Q˝@mQ˝t= C=Q=WDv= -xUU-wt ”=˝vQ˝t p=tmQ˝t w RwQiy@ u˝ULtqe -xtHQD ’O=Oa=_-x˝ Q˙v ’—wmlt ”I= ”p˝v `2´